Abstract. Scalar cosmological perturbations are investigated in the framework of a model with interacting dark energy and dark matter. In addition to these constituents, the inhomogeneous Universe is supposed to be filled with the standard noninteracting constituents corresponding to the conventional ΛCDM model. The interaction term is chosen in the form of a linear combination of dark sector energy densities with evolving coefficients. The methods of discrete cosmology are applied, and strong theoretical constraints on the parameters of the model are derived. A brief comparison with observational data is performed.
Introduction
The coincidence problem is among the greatest challenges in modern cosmology. It consists in the observational evidence that within the conventional ΛCDM model the energy fractions of dark energy and dark matter are comparable (or, in other words, represent quantities of the same order) in the Universe today, despite the fact that these constituents evolve in a quite different way; namely, the Λ-term does not evolve at all, while the energy density of cold dark matter (CDM) decreases during the cosmological expansion. Dark energy represented by the Λ-term completely dominates the evolution of the future Universe. However, at the early evolution stage it is the CDM that plays the leading part. In this connection the following natural question arises: why are the dark sector contributions comparable today? Rejecting randomness as an explanation for such a coincidence, one can alleviate this challenge by introducing direct non-gravitational dark energy -dark matter interaction [1] [2] [3] [4] [5] . From the particle physics point of view, the case of uncoupled dark energy and dark matter is anyway a particular one, and in general their coupling may be nonzero and natural [5] . As an example of such a coupling, let us mention the mass of CDM particles depending on the dark energy field [6] . It should be mentioned in addition that the introduction of dark sector interactions is also reasonable for the holographic scenario [7, 8] . Besides, the data of observations from the Abell Cluster A586 may indicate the reality of these interactions [9] [10] [11] .
In the present paper, we use the methods of discrete cosmology devised in [12] [13] [14] for the ΛCDM scenario to investigate a cosmological model with dark energy -dark matter interaction. Our approach consists in describing scalar perturbations at the stages of the cosmic evolution when inhomogeneities such as galaxies and galaxy clusters have already been formed by representing the nonrelativistic pressureless matter (dust) as a system of separate gravitating point-like particles. This is in accordance with the observational evidence that the typical distances between separate cosmic bodies essentially exceed their dimensions. This well-grounded idea turns out to be interrelated with gravitational potentials and Newtonian equations of motion on the FLRW background, concepts which are commonly used in modern N -body simulations. At the same time, it leads to theoretical as well as experimental restrictions for numerous extensions of the conventional model and its alternatives. For example, methods of discrete cosmology have already been applied successfully to cosmological models including a perfect fluid with a constant negative parameter in the linear equation of state (e.g., quintessence, the phantom field, topological defects such as cosmic strings and domain walls) [15] , Chevallier-Polarski-Linder (CPL) and other linear parametrizations of the equation of state parameter [16] , quark gluon plasma that has escaped hadronization and survived up to now in the form of quark-gluon "nuggets" [17, 18] , nonlinear gravity [19] , and the Lattice Universe topology [20] .
Here, we use the same approach with respect to the inhomogeneous Universe containing the standard ΛCDM constituents as well as interacting dark matter and dark energy. We start with analyzing the equations of the scalar perturbations theory for the nonzero interaction term, then derive the conditions which must be satisfied by its parameters, and conclude by briefly comparing the established theoretical limitations with the observations.
Dark sector interactions and scalar cosmological perturbations
First of all, let us write down the standard Friedmann equations describing the evolution of the homogeneous background in the framework of the conventional ΛCDM model supplemented with the dark sector interactions:
1)
Here, H = a ′ /a; the prime denotes the derivative with respect to the conformal time η; K = 0, ±1 represents the spatial curvature; a(η) is the scale factor; κ ≡ 8πG N /c 4 , where G N is the Newtonian gravitational constant, and c is the speed of light;T 0 0 =ρc 2 /a 3 is the average energy density of the noninteracting nonrelativistic matter (both dark and visible), wherē ρ is the corresponding average comoving rest mass density; Λ represents the cosmological constant, whileε DM andε DE are the energy densities of the (generally speaking) spacetimedependent dark matter and dark energy, respectively, interacting with each other;p DE is the pressure of the interacting dark energy (the pressurep DM of the interacting dark matter is assumed to vanish, since it is also assumed to be completely nonrelativistic, similar to the noninteracting one); finally, ε rad is the energy density of radiation, and p rad = ε rad /3 is the corresponding radiation pressure.
For simplicity and illustration, we focus our attention here on the vacuum-like equation of statep DE = −ε DE for the interacting dark energy, similar to the noninteracting one represented by the cosmological constant Λ. In this case, one can also use the notation κε DE =Λ, and we can write κp DE = −Λ.
In the framework of the discrete cosmology (mechanical) approach to cosmological problems inside the cell of uniformity, developed recently in [12] [13] [14] (see also the recent papers [21] [22] [23] [24] [25] on related issues), let us consider the following FLRW metric perturbed by inhomogeneities:
Here, Φ = ϕ/ c 2 a , where the introduced function ϕ depends only on comoving spatial coordinates r and does not depend on time within the adopted accuracy (both the nonrelativistic and weak field limits are applied), in agreement with [26] [27] [28] . The scalar perturbation Φ satisfies the following system of linearized Einstein equations [29, 30] :
where △ stands for the Laplace operator defined with respect to the spatial metric coefficients γ αβ , and the fluctuation of the energy density T 0 0 of the noninteracting nonrelativistic matter reads
Here, δρ stands for the fluctuation of the rest mass density in comoving coordinates. From (2.5) with the help of (2.1) and (2.2) we immediately obtain
It is worth noting that this equation agrees with the corresponding equation (40) in [31] in the absence of interacting dark constituents. The third term on the left-hand side (lhs) of (2.7) behaves as 1/a 5 , which is outside the limits of our adopted accuracy and therefore should be dropped, while the first term on the lhs as well as the second term on the right hand side (rhs) both behave as 1/a 4 . In other words, the background radiation contribution can be disregarded. Then we get from (2.7):
The dependence of the second term on the rhs of (2.8) on the scale factor a is different from 1/a 4 , since the quantityε DM does not behave as 1/a 3 (this behavior is inconsistent with the dark sector interactions). Moreover, this term cannot be neglected because the cosmological model under consideration includes interacting dark components with the energy densities comparable with the energy densities of noninteracting constituents at present, as well as in the (at least) near past and in the (at least) near future. Consequently, even if δε rad = −3ρϕ/a 4 , and the first and third terms on the rhs thus exactly compensate each other, we would still have δε DE = 0; the interacting dark energy thus cannot be homogeneous, in contrast to the noninteracting one represented by Λ = const.
The substitution of (2.8) into (2.4) leads to the following equation:
whence
Here, the introduced function f depends only on comoving spatial coordinates r similar to the function ϕ, while its dependence on time should be disregarded. It is worth mentioning that, as one can easily verify, the derived fluctuations (2.8) and (2.10) satisfy the energy conservation equation
where the total energy density and pressure of the interacting dark components read, respectively,ε tot =ε DE +ε DM andp tot =p DE +p DM = −ε DE . The supposed interaction between the dark constituents of the Universe is usually described by the following equations [1-6, 9, 10, 32-35]:
where the phenomenological interaction term Q often represents a linear combination ofε DE andε DM with some (generally speaking) time-varying coefficients Γ 1 and Γ 2 , which depend neither onε DE , nor onε DM , and may change in time only because of some postulated reaction rate evolution of unknown nature:
Consequently, the fluctuations must satisfy the appropriate perturbed equations:
Hereinafter, we focus attention on the most popular case of the following parametrization [1-6, 10, 32-35] :
where γ 1 and γ 2 are constant (time-independent) parameters. Substituting (2.17) and (2.18) into (2.15), we obtain δε
Furthermore, substituting (2.8) and (2.10) into (2.19), we get after some computation
In view of (2.11), Eq. (2.16) gives nothing new and may be dropped. The substitution of (2.14) and (2.18) into (2.12) and (2.13) leads to the equations
After some computation with the help of (2.20) and (2.21), one can show that
First, let us consider the case 4 − γ 1 + 4γ 2 = 0, which gives γ 2 f = 0. If γ 2 = 0, and thus γ 1 = 4, there is a contradiction with Eq. (2.20). Therefore, γ 2 = 0, while f = 0. According to (2.10), in this case the nonrelativistic gravitational potential is determined only by inhomogeneities of noninteracting matter as in [12] [13] [14] . From (2.20) and (2.21) we obtaiñ
If we demand in addition that both energy densities in (2.23) are positive, then A > 0 and −1 < γ 2 < 0, soε DE andε DM decrease in the expanding Universe in view of the inequality 3(1 + γ 2 ) > 0. According to (2.8) and (2.10), the same statement holds true for their fluctuations. Besides, Q > 0, and this means an energy transfer from dark energy to dark matter. Exactly this transfer direction is required by the second law of thermodynamics [3, 10, 33, 36] . It is worth noting that if the parameters γ 1 and γ 2 are supposed to be equal, then we have γ 1 = γ 2 = −4/3, so the condition γ 2 > −1 does not hold true.
In the second case we have 4 − γ 1 + 4γ 2 = 0. Therefore, from (2.22) it immediately follows that
(2.24)
Here, we take into account the above-mentioned fact that the quantityε DM does not behave as 1/a 3 , so the only possibility to compensate the last term on the rhs of Eq. (2.22) is to require thatε DM ∼ 1/a 2 and γ 2 f = 0. From (2.20), (2.21) and (2.24) we get the equality 2 − γ 1 − 2γ 2 = 0 and the expressions
(2.25)
As in the previous case, both energy densitiesε DE andε DM decrease in the expanding Universe together with their fluctuations. Besides, we again demand additionally that ε DE,DM > 0 and come to the conclusion that the energy transfer from dark energy to dark matter takes place, as before, in view of the inequality Q > 0. It is also worth mentioning that if the parameters γ 1 and γ 2 are equal to each other, then their common value is 2/3.
Expressing the function f from (2.25) and substituting the result into (2.10), we derive the following equation for the nonrelativistic gravitational potential:
For simplicity, let us restrict ourselves to the case of flat spatial topology K = 0 and require that λ > 0, so either γ 2 < −1/3 or γ 2 > 0. Then the solution of Eq. (2.26) for a system of gravitating masses m i with the comoving radius-vectors r i , characterized by the rest mass density
It is very important that this function is characterized by the zero average valueφ = 0 for any mass distribution, in contrast to the potential determined within the bounds of the conventional ΛCDM model, which may have a nonzero value after performing a procedure of spatial averaging (for an example of the corresponding mass distribution, see [12, 13, 37] ).
Conclusion
In the present paper, we have investigated the scalar perturbations in the framework of the cosmological model with dark energy -dark matter interaction. The inhomogeneous Universe is supposed to be filled with the standard noninteracting constituents of the conventional ΛCDM model as well as with interacting dark matter and dark energy (with dust-like and vacuum-like equations of state, respectively). The interaction term is taken in the frequently used form (2.14) with the coefficients (2.18). We have applied methods of the discrete cosmology approach in order to impose theoretical constraints on the model under consideration and have arrived at the following two allowed cases:
I. 4 − γ 1 + 4γ 2 = 0, f = 0, −1 < γ 2 < 0, A > 0 II. 2 − γ 1 − 2γ 2 = 0, f γ 2 (1 + 3γ 2 ) > 0 Provided that the most widespread case of flat spatial topology K = 0 is studied, the second class becomes even more constrained:
II. 2 − γ 1 − 2γ 2 = 0, f > 0, γ 2 < −1/3 or γ 2 > 0 Now let us illustrate these constraints with three popular examples:
A. Q = Hγ 1εDE (γ 2 = 0) B. Q = Hγ 2εDM (γ 1 = 0) C. Q = Hγ (ε DE +ε DM ) (γ 1 = γ 2 ≡ γ)
One can easily verify that the model A satisfies neither the first set of conditions (I), nor the second one (II). The models B and C also do not satisfy the conditions I, while the conditions II lead to the following allowed interaction terms, respectively: Q = Hε DM and Q = (2/3)H (ε DE +ε DM ). If the noninteracting dark sector components were absent, both expressions would be incompatible with known observational restrictions for the parameters γ 1 and γ 2 , see [6, 10, [32] [33] [34] . Consequently, two above-mentioned interaction terms are consistent with the theory of scalar cosmological perturbations and with observational data only if in addition to interacting dark constituents of the inhomogeneous Universe there are noninteracting constituents weakening the empirical limitations. Three popular interaction terms quoted above are thus in general incompatible with the constraints derived here.
